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Modular Numbers

Although the study of modular numbers is advanced math, the concept of modular
numbers is not hard to understand. Modular numbers are encountered every time one
looks at a clock. If it is 10 o’clock, and a friend tells you to meet them in 5 hours you do
not try to show up at 15 o’clock. You know that when dealing with time, you start
counting over when you reach 12 and go to meet them at 3 o'¢ldtk5) 12 3 Or

in mathematical words time is modulo 12.

Twelve is not the only modulo, any positive integer can be one. You just start counting
over when you reach the modulo. For example in Mod 5 you count 1, 2, 3,4, 5, 1, 2...
There are only 5 numbers 1 through 5. So in Mod 5, 6 is equivalent (congruent) to 1 and
7 is congruent to 2. Every integer is congruent to 1, 2, 3, 4 or 5 modulo 5.

..-9,-4,1,6,11, 16...}A1 (mod 5)
..-8,-3,2, 7,12, 17...}A2 (mod 5)
..-7,-2,3, 8,13, 18...}A3 (mod 5)
..-6,-1, 4,9, 14, 19...}A4 (mod 5)
..-5,0,5, 10, 15, 20...}A5 (mod 5)
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These are called the congruence classes of mod 5. The symbol that looks like an equals
sign with three lines is the symbol for congruent.

The definition of congruent ®is congruent t® modulom if m dividesa —b.
a {bmodm if ma b.

The vertical line is the symbol for divides. It means divides evenly with no remainder and
no fraction or decimal3112(3 divides 12) becausg 4 12. But 3 does not divide 13
because there is no integer you can multiply 3 by to get 13. An example of this notation is
17 { 2(mod5) becausesl7 2.

My Project
With this understanding of modular numbers | can discuss my mathematics project. | got

the idea from a problem in the book Exploring the Real NuntiheFederick W.
Stevenson. But | took the problem in my own direction.

| studied what happens to modular numbers when they are squared. Initially | looked only
at prime modulo because primes are the building blocks of numbers and are the simplest.
| drew pictures ofn 0 n*(modp) . p stands for the prime modulo | am in amdtands

for each number in the modulo.



For example modulo 11, | first took the numbers and squared them. | then put the squares
into modulo 11.

n (mod 11) n? n” (mod 11)

81
100
121

e
Phoo~N~oubhwN R
AW
© o
OFRPDMNOUWWAUMODNPR

After making the table of the squares, | drew a picture with each number connected to the
number it become when squared.

n o n’(modll)

10 7
L L
1 5
N P
2 J 4 3 | 6
M O
9
K
8

An interesting things to note is that while every number between 1 and 11 is squared,
only some numbers are the product of squaring. Each of the numbers that is created by a
square is created exactly twice. The list also has mirror image symmetry. This makes
sense because of the nature of negative squar@g.is 9, and 3 {8(modL]), so in

modulo 11,8° {9(mod1]).

Looking for Patterns
| then repeated this process for many different prime modulos, and looked for patterns

among the pictures. My goal was to learn enough about how they work to be able to
predict how the picture would look for a modulo too large to draw.



Here are the pictures for some more prime modulos.

n o n*’(mod7)

6
L 3 J 25 4 1 s
1
n o n’(modl3)
5 8
PO 2 o
12 a 4 J 3 X 91 1070
@)
L 11
1
n o n’(modl7)
6 11 7 10 3 14 5 12
PL PL LO LO
2 14 9 8
PL LO
4 13
P O
16
L
1
n o n’(modL9)
18 15 3
L P @) 8
1 16 J 9 L
N P 17
2 4 5 1 10 LK
M o) 11
17 | 6 K
N M 12
13 14




n o n’(mod29)

27 10 14 15
L L PO
2 J 4 13 | 19 22
P O L
16 J 24 20
PO NP
17 12 25 7 | 23
P O K N M
18 5 15 J 22 9 | 26
L N M K K
1 11 18 14 3

n o n’(mod31)

30 23 <
L L 6 J 5 1 25 | 26
1 2
N P
15 J 16 4 | 29
M O
22 8 13
L K L
19 27 14
N P N P
3 J 9 20 | 12 24 J 18 10 | 17
M O M O
28 7
K K
11 21
Legs

After drawing several of these pictures | started to look for patterns. I noticed that there
were always two numbers pointed to any given number. The exceptioff i 1.in any
modulo. It points to itself, but this does not show on the picture. | also noticed that there
were often loops of numbers. Some pictures had a single loop and some a number of
them. The number 1 was never was in a loop, but always at the bottom of piece of its
own. The picture for 17 was different from the rest. It formed no loops but looked like a
tree.



In each picture, there is one less than the mophlonumbers shown. This is because
zero squared gives zero in any modulo and is not part of the pictune.oSw (modL7)
had 16 numbers in the picture. 16 numbers conveniently fit into a tree Bha®., a
power of 2. Notice that the tree gets twice as big each time you go up a level. So |
searched for other prime numbers that wipetes a power of 2. The next one is 257.
256 2°.

| predicted that the picture of 0 n*(mod257) one would also be tree shaped. The
spreadsheet program Excel has a modulo function which | used to make a table

forn o n*(mod257). The numbers indeed seem to form a tree shape. | did not draw the
entire picture because the top would have 128 numbers across. Here is the base of the tree
shaped picture.

32 225 2 255 128 129 8 248

PL PL LO LO
253 4 193 64
PO PO
16 241
P O
256
L
1

| also looked for patterns in those primes that made pictures with loops. Each number in
the loop had other numbers attached to it. | called these numbers the legs. | noticed that
there were two types of legs. Sometimes the loops had legs with just one other number.
Other times they had legs with three other numbers. Recall, 1 was never attached to a
loop. It was always the base of a single leg the same size as the legs attached to the
loops.

# #
PO
# #
L L
J # J J # J
Legs of 2 Legs of 4



In each picture the legs are all the same size. So for the picture to have lgud ohdst
be divisible by 4. If not the picture will have legs of 21 is always divisibly by 2
because primes are oddsad must be even. Byt1 is only sometimes divisible by 4.
Observation of the pictures confirms that those primeswittdivisible by 4 are those
with legs of 4.

While working on this | also continued to draw more pictures af n’(mod p) for
larger primes. The picture pE41 was especially interesting. It looks like this.

n o n’(mod41)

3 38 14 27 13 28 6 35
PL LO PL LO
9 32 5 36
PO PO
40 25
L L
1 20 O 10 12
1 Y
11 39 4 N P 21 — 29
a 4 J 15 18 | 31 U
17 22 M O O 20 _ 2
24 37 O 15
K
23
N M
33 8
N K KM
19 22 7 34

This clearly has legs of size 8. And so | realized that the pictures did not just have legs of
size 2 or 4 but of the biggest power of 2 that diviglds That is why

n o n*’(modl7) looks like a tree. 17-1 is 16, a power of two, so the picture of

n o n’(modl7) had only one large leg and no loops. The pictune of n*(mod41)

has 40 numbers. The largest power of two that divides 40 is 8, so there are five legs of
size 8, the lone leg with 1 at the bottom and four more that form a loop.

Circumferences

With this new understanding | could calculate the size of legs in the picture

n o n*(modp) for anyp. | could also use this to figure out the number of legs total.
There is always one lone leg, so the number of legs in any loops is just one less that the
total number of legs. | called this value the circumferenag loecause it is the number



of numbers available to go around the loops. What still remained a question was how the
circumference of different modulos divided into loops.

| made a chart showing each prime and calculating the size of the legs and the
circumference for alb’s up to 1009. | also included the size of the loops formed for all

that | had drawn so far. Here is the beginning of that chart.

Prime Modulo 5 7 11 13 17 19 23 29 31 37 41 43 47 53 59 61 67

p-1 4 6 10 12 16 18 22 28 30 36 40 42 46 52 58 60 66
Size of Legs
Largest power of 2

thatdividerr 4 2 2 4 16 2 2 4 2 4 8 2 2 4 2 4 2
#oflegs 1 3 5 3 1 9 11 15 9 5 21 23 13 29 15 33

\‘

Circumference 0 2 4 2 0 8 10 6 14 8 4 20 22 12 28 14 32

Loops 0 2 4 2 0 6 10 4 4 6 11 12 28 4 10
4 6 11 4 10
4 3 4 10
2 3 2 2
2

After completing this table | sorted it by the circumference. | noticed that each time a
different prime gave the same circumference the loops were the same size. Here is the
beginning of the previous table sorted by circumference to illustrate this.

Prime Modulo 5 17 257 7 13 97 193 769 11 41 641 29 113 449 19 37 73
p-1 4 16 256 6 12 96 192 768 10 40 640 28 112 448 18 36 72
Size of Legs
Largest power of 2
thatdividesp-1 4 16 256 2 4 32 64 256 2 8 128 4 16 64 2
#oflegs 1 1 1 3 3 3 3 3 5 5 5 7 7 7 9

Circumference 0 O o 2 2 2 2 2 4 4 4 6 6 6 8 8 8

Loops O O 2 2 2 4 4

So | could now take any prime and easily figure out the size of its legs and its
circumference. | knew how the circumference would be divided into loops for those that |
had tried but | needed a way to predict the loop divisions without drawing each one.
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| made a new table listing the loop divisions of each circumference. | also included the
number of times each circumference happened puigh to 1009, and how many of each
circumference | had actually drawn the picture for. Here is the beginning of that table.

circumference 0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32

# of occurrences
pciopos 3 5 3 3 4 3 1 3 1 O 3 1 2 2 3 O

#of timesdrawsn 3 3 2 1 3 2 2 1
loops 0 2 4 6 10 12 4 6 11 20 18 28 10
4 6 11 4 6 10
4 3 2 10
2 3 2
2

It was interesting that some circumferences happened many times while others did not
happen at all with primes less than 1009. It was hard to look for a pattern to describe the
way circumferences were divided into loops with circumferences such as 18 and 30
missing. | wondered if the missing circumferences would eventually come up if | used
big enough primes. For a circumference of 18 | would need a prime in the

form(18 1)2" 1.

| tried this for various and found that the smallest prime with a circumference of 18 is
1972° 1 1217. A very large number to draw. For circumference equals 30 it is even
worse.(30 1D2° 1 7937is the first.

While working on this | was also experimenting with some other directions to take the
problem suggested in the book. | looked briefly at what happened when you square
numbers in modulos that are not prime. This made pictures that looked like flowers with
many numbers pointing to one number. But this opened up a whole new set of questions
which | put aside because | did not feel done with the prime modulos. | also looked some
at isomorphisms.



Isomorphisms

The collection of numbers in modutas what mathematicians call a group. To be a
group the collection of numbers must meet the following criteria.

1. The collection must be closed.

This means that if you multiply any of the numbers in the collection the result is also in
the collection. We can see that this is true for modular numbers because what ever
number is the result of the multiplication, we can easily write it as a number in the mod.

Example: In modulo 137 5 35 35 {9(modl3)
2. The multiplication must be associative.

This means that if you have three numbers you can multiply either the first two and then
the result with the third or the second two and the result with the first and get the same
answer.

Example: In Modulo 137 5) 2 {7 (5 2) {5(modl3
3. Groups must have an identity element.

An identity element is something that you can multiply any member of the group by
without changing it. For the groups | have been working with the identity element is 1.
Multiplying any modular number by 1 does not change the number.

Example: In modulo 18 1 {8(modl3

Notice that 1, the identity element, always has a special place in the pictures at the bottom
of the single leg.

4. Each member must have an inverse. When a number is multiplied with its inverse the
answer is the identity element.

Example: In mod 13. The inverse of 3i1s3.9 24 24 {1(modl3)

If pis a prime than mogd always forms a group with respect to multiplication as
described above. Groups can also be formed with addition. An additive group works
exactly as explained above except with addition replacing every mention of
multiplication. Modular numbers will also form groups under addition. Any number, not
just a prime, can be used as the modulo. With additive groups the identity element is O,
because any number plus 0 is the original number.
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Now that we have two types of groups we can look for isomorphisms. Groups are
isomorphic if they are structured in the same way. They must have the same number of
members and the members must be related in the same way. Each member of the group
can be translated or mapped to a member of the other group. For a multiplicative group
and an additive group to be isomorphic | must get the same result whether | ...

Chose two members of the multiplicative group, multiply them, and then map (translate)
the result to the corresponding member of the additive group.

or

Chose the same two members of the multiplicative group, map them each to their
respective members in the additive group first, and then add them.

So | am looking for an additive groups that are isomorphic to squaring in mmdulo

Consider the table af o n*(modl1), and compare it to the table of numbers doubled in
modulo 10.n o 2n(modl0) . The tables may not look similar but compare the pictures.

n (mod 11) n®(mod 11) n (mod 10) 2n (mod 10)
1 1 1 2
2 4 2 4
3 9 3 6
4 5 4 8
5 3 J 5 0
6 3 6 2
7 5 7 4
8 9 8 6
9 4 9 8
10 1 10 0
L L
n2 (mod 11) 2n (mod 10)
10 7 5 9
L L L L
1 5 J 0 6
N P N P
2 J 4 3 1 6 9 J 8 2 | 1
M @) M @)
9 4
K K
3 7
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The pictures are exactly the same shape, but with different numbers.
Mod 11 becomes Mod 10

Boo~NouobwNk
ORA~NWRFR OON OO

The picture is the same whether we...

Take the numbers in modulo 11, square them, draw the picture and then translate each
number in the picture to mod 10. (Shown with the green arrows above.)

or

First translate the numbers from modulo 11 to modulo 10 and then double them and draw
the picture. (Shown with the blue arrows above.)

So these two groups are isomorphic.

It was not a coincidence that | picked modulo 10 to look for an isomorphism. Mpdulo
the multiplicative group is always isomorphic to modoHb the additive group.

Simplifying the Process

How can this be used to more easily find out about the loop divisions of the
circumferences? | have already established that pictures of various modulos with the
same circumference have the same loop division. | now know that | can draw pictures
that are isomorphic ta o n*(modp) in the forrn o 2n(modp 1). Can | draw a

picture of this form with a modulo that is not one less than a prime to more easily find a
missing circumference?

For examplen o n*(mod29) had legs of 4 and a circumference of 6. | know that

n o 2n(mod28)is isomorphic and will therefore have the same size legs, the same
circumference and the same loop division. What if | dresv 2n(mod14) ? This is the

right size to have a circumference of 6 but with legs of 2. But 14 is not one less than a
prime. Will it look like n 0 2n(mod28) only with smaller legs? Will the loop divisions

be the same? If so, | could use this to more easily find the loop divisions of the
circumferences | am missing. For example | would mise 2n(mod2(18 1)) to find the
loop division for circumference of 18.
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| drew out the loops for drew o 2n(modl4) .

n 2n (mod 14)

1 2 7 5

2 4 L L

3 6 0 10

4 8 NP

5 10 6 | 12

6 12 N M

7 0 3 13
8 2 11

9 4 L

10 6 8

11 8 NP

12 10 4 | 2

13 12 N M
14 0 9 1

Sure enough just as 0 n*(mod29) andn o 2n(mod28) this has a circumference of 6
with two loops of 3. | also tried this for some other circumferences so as to confirm that
the simplified method of drawing loops would work for any circumference. For example
n o n*(mod53) andn o 2n(mod26) both have a circumference of 12 in a single loop
of 12.

| can now find the loop divisions of any given circumference much more easily. Given
| just need to drawm 0 2n(mod2(c 1)). | used this fact to expand my table of loop
divisions.

Even with this simpler method it still became tedious to draw out the pictucegpas

larger. | was able to write a program for the graphing calculator that spits out the size of
the loops for any c. | am not a programmer and my program was not very efficient. It
needed to check the loops for every possible number in the modulo. But it was faster than
drawing loops and it allowed me to even more easily expand my list of loop divisions.
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Loop Divisions

Here is the beginning of the table of loop divisions for each circumference

Circumference Loops
2 2
4 4
6 3 3
8 6 2
10 10
12 12
14 4 4 4 2
16 8 8
18 18
20 6 6 3 3 2
22 11 11
24 20 4
26 18 6 2
28 28
30 5 5 5 5 5 5
32 10 10 10 2
34 12 12 4 3 3
36 36
38 12 12 12 2
40 20 20
42 14 14 14
44 12 12 6 4 4 4 2
46 23 23
48 21 21 3 3
50 8 8 8 8 8 8 2
52 52

With the table filled in and extended, patterns became apparent. Notice @very 3
circumference starting wittF2 has a loop of 2, everﬂ‘&tarting withc=4 had a loop of
4 and every 7 starting withc=6 has two loops of three. This continues with each loop
being repeated eventl circumferences starting with In other words if

c {e(mod2(e 1))for some smaller circumferenegthenc inherits amongst its loops,
loops of the size thahas. This is more clear if the above table is divided up as so...

14



loops of 2 4 33 6 10 12 4 4 8 8 18 6 6 11 11 20
if c= if c= if c= if c= if c= if c= if c= If c= if c= if c= if c= if c=
Circumference 2(mod6) 4(mod 10) 6(mod 14) 8(mod 18) 10(mod 22) 12(mod 26) 14(mod 30) 16(mod 34) 18(mod 38) 20(mod 42) 22(mod 46) 24(mod 50)
2 2
4 4
6 33
8 2 6
10 10
12 12
14 2 4 4 4
16 8 8
18 18
20 2 33 6 6
22 11 11
24 4 20
26 2 6
28
30
32 2 10
34 4 33
36
38 2 12
40
42
44 2 4 6 4 4
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Inherited and Unique Pieces

Each circumference has a unique loop or set of loops that it contributes and is then
repeated everg+1l circumferences after that. For examg#@0 inherits a loop of 2
because20 { 2(mod6) and a two loops of 3 becaug8® { 6(modl4), it also has two
loops of 6, it's unique piece, which will be repeated every 21 circumferences. The
diagonal row of numbers on the right is the unique piece contributed by each
circumference. | notate this unique piece a&3. 80 u(20) is 2 loops of 6.

| now searched for a way, given a circumference, to calculate which smaller
circumferences it shared loops with. In other words whamforked so that
c {e(mod2(e 1)).

Some of the circumferences such as 16 and 22 have only a unique piece. They are not
congruent t&e(mod 2¢+1)) for anye. | figured these circumferences were likely related

to the prime numbers which are not divisible by anything. Sure enoughotizsonly

its unique piece+1 is a prime. Recall that-1 was the number of legs in a given picture.
All pictures that have a prime number of legs are not congruent te(rang 2€+1)) and
have only their unique piece.

After discovering this | thought maybe this could be generalized to when the number of
legs was not a prime. When1 has no factors (it's prime) therhas only its unique

piece. So maybe whert1 has factors, the piecesathat are inherited, thes that

work for ¢ {e(mod2(e 1)), will be related to the factors. Sure enough each of'the

that work is one less a factorof 1.

For example foc=26.c+1=27. 27 is not prime, it has factors of 3 and 9. One less than
each of these is 2 and 8. Sure end@fJk 2(mod2(2 1)) and26 {8(mod2@8 1)). So

the circumference of 20 inherits u(2) and u(8). | can use this process to find the loops
inherited for any circumference.

| can also find the size of the unique piece for any circumference. | just need to know size
of the pieces that the circumference inherits. The size of the unique piece is what is left
over. For example 26 inherits u(8) and u(2). The size of u(26) is 26 minus the size of u(8)
and u(2). u(8)=two loops of 3 and u(2)=a loop of 2 so the size of u(26)=26-2-6=18.

Because the unique piece depends so much on the factors of thetdaltiee number of

legs, it is sometimes more clear to refer to the circumferences with this value. Because all
the circumferences are even they can each be referred to distinctty byl without
confusion.

16



This table shows calculations of inherited pieces and size of unique piece for arious
Note that this table only gives the size of the unique piece not the loop division of it.

Circumferences loops size of

circumference c+1 factors ofc+1 are inherited from unique

(factors -1) piece
2 3 3 2 2
4 5 5 4 4
6 7 7 6 6
8 9 3 9 2 8 6
10 11 11 10 10
12 13 13 12 12
14 15 3 5 15 2 4 14 8
16 17 17 16 16
18 19 19 18 18
20 21 3 7 21 2 6 20 12
22 23 23 22 22
24 25 5 25 4 24 20
26 27 3 9 27 2 8 26 18
28 29 29 28 28
30 31 31 30 30
32 33 3 11 33 2 10 32 20
34 35 5 7 35 4 6 34 24
36 37 37 36 36
38 39 3 13 39 2 12 38 24
40 41 41 40 40
42 43 43 42 42
44 45 3 5 9 15 45 2 4 8 14 44 24
46 47 47 46 46
48 49 7 49 6 48 42
50 51 3 17 51 2 16 50 32
52 53 53 52 52
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| now turned my attention to how the unique piece of each circumference was divided
into loops. | used my calculator program to find the loops for each circumference and fill
in the next table. This table shows each circumference, the size of its unique piece, and
the loop divisions of its unique piece. The inherited loops are also listed.

Size of Unique Piece

Circumference Unique piece u(c) Inherited Loops
2 2 2
4 4 4
6 6 33
8 6 6 2
10 10 10
12 12 12
14 8 4 4 4 2
16 16 8 8
18 18 18
20 12 6 6 33 2
22 22 1111
24 20 20 4
26 18 18 6 2
28 28 28
30 30 555555
32 20 10 10 10 2
34 24 12 12 4 33
36 36 36
38 24 12 12 12 2
40 40 20 20
42 42 14 14 14
44 24 12 12 4 4 6 4 2
46 46 23 23
48 42 21 21 33
50 32 8888 88 2
52 52 52
54 40 20 20 10 4
56 36 18 18 18 2

One thing that stands out about this table is that, when the unique piece is divided into
multiple loops they are always of the same size. Another interesting thing is that different
circumferences, with unique pieces of the same size do not always have the same loop
divisions. This suggests that the loop divisions depends on more than just the size of the
unique piece. Another observation | made is that the size of loops in the unique piece is
always a multiple of the size of any inherited pieces. But it was still not clear how this
multiple is determined.
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The Power Rule

| extended this table for larger circumferences and continued to look for patterns. When |
got toc=243 | noticed something. 24335 So the multiples are 3, 9, 27, 81, and 243.

The circumference therefore inherits u(2), u(8), u(18) and u(54), and contributes u(242).
These were loops are 2, 6, 18, 54, and 162. Notice how each loop is the three times the
size of the last. | looked back and noticed a similar thing happened with other
circumferences that are powers of a primes. For example B5124 has loops of 4,

20, and 100. This time each loop is 5 times the size of the last one.

| then looked at what circumferences that were products of primes. For example | looked
at the circumferenc® 5° 3375. | organized the factors in the following table.

Factors of 3375 Circumferences 3374 inherits loops from

3 3 3 2 8 26
5|35|35]| 375 4 14 44 134
513% | 3% | FTF 24 74 224 674
5|35 |35 |35 124 374 1124 3374

Here is the same table with the actual unique loops of each of the inherited
circumferences filled in. 3374 is in the bottom right corner of the table, so two loops of
900 are the unique piece for 3374. All the others are the inherited pieces.

t30
us p 2 6 18
4 4 4 12 12 36 36
20 20 20 60 60 180 180
100 100 100 | 300 300 900 900

Notice that moving down the table, going up a power of 5, multiplies the size of the loops
by 5, while going across in the table, multiplying by a power of 3, multiplies the size of
the loops by 3. And so all that is needed to fill in the whole table is the three pieces in the
top left corner u(2), u(4) and u(14). They come from the 3, the 5, argl she

| call this method of filling in the table the power rule for unique pieces. It can be
summed up as follows:
If ¢ 1 n g“with nandk being any integer and beigga prime. Then

uin g*) u(n) g

For example, u(1714L715 7° 5. u(7® 5) u(7 5) 7. All I need to know is that the
u(5 7) is two loops of 12. | then know u(1714) will 58 times this, or two loops of
588.
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The Product Rule

This simplifies the search for a pattern in the loop divisions of the unique piece. | now
only need to search for the loop divisions of the unique piece when the circumference is a
prime or a product of primes. | can then use this power rule to find the unique loop
divisions of a circumference with those same primes to any power.

How is u(7 5) or the unique piece of a circumference that is a product of primes found?
| made another table showing the loops in the unique piece for numbers one less than a
product of two primes to look for the answer to this.

The top number in each box is a circumference. The middle number is the size of the
unique piece(s) of that circumferences. And the last number is the loop divisions. First
the number of loops and then the size of the loops. For example

15 C
8 Size of uf)
2X4 u(c) (# of loopsX size of loops)

Along the top row and left column of the chars prime. At the intersection of the rows

and columng is a product of the primes.

3 5 7 11 13 17 19
2 4 6 10 12 16 18
2 4 2X3 10 12 2X8 18
5 15
4 8
4 2X4
7 21 35
6 12 24
2X3 2X6 2X12
11 33 55 77
10 20 40 60
10 2X10 2X20 2X30
13 39 65 91 143
12 24 48 72 120
12 2X12 4X12 6X12 2X60
17 51 85 119 187 221
16 32 84 96 160 192
2X8 4X8 8X8 4X 24 4X40 8X24
19 57 95 133 209 247 323
18 36 72 108 180 216 288
18 2X18 2X36 6X18 2X90 6 X 36 4X72
23 69 115 161 253 299 391 437
22 44 88 132 220 264 352 396
2X11 2X22 2X44 4X33 | 2X110 ]| 2X132 | 4X88 | 2X198
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After observing this table I noticed that the unique piece of a circumference that is a
product of primes is divided into loop of the size that is the least common multiple of the
loops contributed by the factors of the circumference. The number of these loops depends
of the size of the unique piece for the circumference. | call this the product rule for

unigue pieces. For p ¢, with p and g being primes(p q) lcmu(p),u(q)

For example=142.143 13 11. So 142 inherits u(12) =one loop of 12 and u(10)=1
loop of 10.142 12 10 120. There is 120 left for the unique piece. The least common
multiple of 10 and 12 is 60, so the unique piece is two loops of 60.

Prime Circumferences

So all that is necessary to find the loop divisions of any circumference, is unique pieces
of the prime circumferences. Recall that since these prime circumferences do not inherit
anything. Their unique piece takes the whole circumference. | compiled a list of these
look once again for a pattern.

Prime C size of loop # of loops
3 2 2 1
5 4 4 1
7 6 3 2

11 10 10 1
13 12 12 1
17 16 8 2
19 18 18 1
23 22 11 2
29 28 28 1
31 30 5 6
37 36 36 1
41 40 20 2
43 42 14 3
47 46 23 2
53 52 52 1
59 58 58 1
61 60 60 1
67 66 66 1
71 70 35 2
73 72 9 8
79 78 39 2
83 82 82 1
89 88 11 8
97 96 48 2
101 100 100 1
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| extended this list all the way =1009 in attempt to find a pattern, but with no success.
So | thought again about where this loops came from.

Recall that for each circumference | drew the picturesifar 2n mod2(c 1)). Since |

am now only concerned with circumferences one less than a prime | can milac¢h

p. Son o 2n(mod2p). When a unique piece divides into more than one loop, the loops
are all the same size. So | only need to find the size of the first. So what | am doing is
starting with 2, and doubling it in modulo p, until | get back to 2 and the loop is closed.
Multiplying by something repeatedly is the same as multiplying by that thing raised to a
power. So this can be written 8s2° {2(mod2p). The first 2, is the 2 | start the loop
with. The second 2 means doublisgs the number of times we double, or the size of the
loop.

Recall from the definition of modular numbers tl2aR° { 2(mod2p) can be written as
2p|2 2° 2. A 2can be canceled from each piece of this gi\p{ﬁj 1. This is turned
back into the modular equati@t {1(modp).

To the scholar of number theory this equation looks very familiar. Fermat'’s Little
Theorem tells us thgt1 will always be a solution fa. Certainly some prime
circumferences have one loop of ge#&. For these it is said that 2 is a primitive root of
p. This means that the only solution®f {1(modp)is s p 1. But other prime
circumferences have many smaller loops, and therefore smaller numbstisafiomade
this equation true.

Is there any easy way to tell if 2 is a primitive root for a gpeand thap-1 therefore

only has one loop? The field of mathematics has no solution to this problem. The only
method known is checking. In the 1920’s a mathematician named Artin, made the
conjecture that there are an infinite number of primes that 2 is a primitive root of.
Although there is much evidence this is true, it has remained unproven. It is not
surprising that no pattern has been found for primitive roots of primes, as primes are
elusive in many ways. Perhaps, someday a method for finding primitive roots will be
found. But this is beyond the scope of my project.
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An Example

Initially | stated that my goal was to be able to describe the pictunresooh®(mod p)

for primes to large to draw. Although | hoped to have a method that required no
checking, this was not possible. But | can use the table of unique pieces for prime
circumferences to determine the picture for any pictures with composite circumferences. |
will demonstrate this by finding the shape of the picturenfar n*(mod114377.

114377 is prime. The picture will have 114376 numbers 14376 2° 17 29

The picture has loops and legs. The legs are the size of the largest power of 2 that goes
into 114377 which i® 8.

This leaves 14297 legs. There is one lone leg with 1 at the bottom, and 14296 legs left for
loops.

Loops are inherited from each of the factors of 14297.
14297 17 29°. The factors are 17, 297 29, 29° & 17 29

Factors Calculations Loops
17 Prime, from table 8 8
29 Prime, from table 28
29 u(2%) u(29) 29 812
28 29 812
29 17 size ofu(17 29) 56 56 56 56
29 17 493 493 1 492 56 56 56 56

492 — size of u(29)- size of u(17)
492 28 16 448

loops ofu(17 29)

u(17 29 Iemu(17),u(29

lcm (8, 28)=56 448/56=8

297 17 u@2% 17) u(2917) 29 1624 1624 1624 1624
(unique piece) | 29 56 1624 1624 1624 1624 162:

E=3

e =

To check this work | added up all the loops. This should result in the circumference
14286. Sure enough 1624 8 56 812 28 2 8 14296.
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